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Introduction

Motivation

m Many materials we encounter have viscoelastic properties.
m Viscosity: measure of resistance to flow.
m Elasticity: ability of a material to return to its original state after
removal of deforming forces.
m Due to polymer processing applications, modelling is incredibly
important!

Sesame Workshop, 2017 Cabrera, X.,2020 Kempner, J., 2022
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Introduction

Properties of Viscoelastic Fluids
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Introduction

Viscoelastic Modelling

Overview

Q. How can we model these materials?
A. Use conservation laws.

Mass:

Momentum:
Ou -
p a—i—(u-V)u =-Vp+V-T, T'=T.

We still need to specify T!
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Viscoelastic Modelling

Overview

Q. How can we model these materials?
A. Use conservation laws.

Mass:

Momentum:
Ou -
p a—l—(u-V)u =-Vp+V-T, T =T.
We still need to specify T!

Couldtry T =1 (Vu + VuT) =:2nD...
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Introduction

Viscoelastic Modelling

Overview

Q. How can we model these materials?
A. Use conservation laws.

Mass:

Momentum:
Ou -
p a—l—(u-V)u =-Vp+V-T, T =T.
We still need to specify T!

Couldtry T =1 (Vu + VuT) =:2nD... but this doesn't help us!
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Introduction

Viscoelastic Modelling

Constitutive Equations

Can we do better?

Christian Jones (Bath) Re-Entrant Corner Flow of a UCM Fluid October 5, 2022 5/23



Introduction

Viscoelastic Modelling

Constitutive Equations
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Upper Convected Maxwell (UCM) Model

T(E;’r-+(u-V)T—(VU) T - T(Vu)T> +T =2nD

v
T

m First term captures elastic behaviour; remaining terms capture viscous
behaviour.

m Introduced a relaxation time T and viscosity parameter 7).

m Relaxation time quantifies material ‘memory’.
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Re-Entrant Corner Problem

Problem Setup

Planar, steady flow around corner of angle § = /a. (1/2 < a < 1)

Fluid incompressible and

isothermal
—’A‘
=0
(upstream)

No-slip and no-flux

conditions on walls.
0 = 7/a
(downstream)

Mathematics due to Hinch (1993), Renardy (1995), Rallison and Hinch (2004) and Evans (2008).

Christian Jones (Bath) Re-Entrant Corner Flow of a UCM Fluid October 5, 2022 7/23



Re-Entrant Corner Problem
Equations?

Dimensionless equations:

V.-u=0,
Re(u-V)u=-Vp+V-T,

v
Wi T+T =2D.
Obtain Reynolds (Re) and Weissenberg (Wi) numbers:

_ [inertial forces] . [elastic forces]

°= [viscous forces]’ ' [viscous forces]

Useful: incompressibility condition gives a streamfunction v with
u=V Ayk.

These equations are complicated!
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Re-Entrant Corner Problem

Step 1: Outer Solution

Governing Equations

m Assume elasticity drives the flow, and inertia is subdominant.
m Find at leading order as r — O:

v

T=0, Vp=V-T.
m First equation solved by T = A(¢))uu’.
m Setting v = A/2u, obtain

(v-V)v=Vp, V.-v=0.

m Outer solution governed by the Euler equations!
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Re-Entrant Corner Problem

Step 1: Outer Solution

Finding the Streamfunction

(v-V)v=Vp, V-.v=0.

Incompressibility: v =V A *k.

Planar flow: V21* = 0.

Applying no-slip conditions: ¢* ~ Cr®sin(af).

As u is parallel to v, ¥* = h(¢)), with \/2(y) = K (¢))

Since we are local to the corner, take

d}* x ¢1/n7

with n to be determined.
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Re-Entrant Corner Problem

Step 1: Outer Solution

Summary

Consequently, near the corner apex:
P ~ Co(r*sin(ah))”,
1_
A~ GG (1 sin(al) 20,
T ~A®)uu’,

1
~ ZAllull?
p~ SAlul?,

for unknown Cp, ¢ and n.

To neglect inertia, we also find that n > 1.
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Re-Entrant Corner Problem
Are we done?

Look near the wall. In this region:

1 0%
¢N§8T/2(x,0)y2 as y —0(x>0),

———
,'Y

from which Ti1 ~2Wij2, T ~7, Ta = o(1).

However, from the outer solution, as y — 0 with x > 0:
(a—1)-1

r~x, 6~y/x, Ty~ constant.x’ y.
These don't agree, so we need boundary layers.
y
A
_____ €
—
0 =0
October 5, 2022 12/23
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Re-Entrant Corner Problem

Step 2: Inner Solution

Rescaling

To find the boundary layer equations, we only need to focus on the
upstream wall.

Rescale (Cartesian) independent variables:

with0 <e<land §d <e.
Using outer solution, rescale remaining variables:

=@ Nem), p=eVp Ty =Ty,
T12 = 62(06_1)_1(57\_12, T22 = 62(04—2)52 7\_22.
v
Inserting into UCM (Wi T +T = 2D), dominant balance gives
n=3—aand§=e"°
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Re-Entrant Corner Problem
Step 2: Inner Solution

What do we learn?
Boundary layers of thickness O(e2~%) exist at walls.
Layers separated by an outer region solved for in Step 1.
Layers governed by leading order UCM equations and momentum
equation
OTu 9T _0p

% oy ox

0 (52-:\

0 = m/a
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Re-Entrant Corner Problem
Step 2: Inner Solution

Boundary layer UCM equations:

A 0T 8T ol Ot~ |
T, 2%, 2%, | =
11+ Wi | & 5% + ¥ 5 9% 11 5 12 0,
aru 0T 004 on v\ 4 ol 4 on
T1o + Wi -, T To| = 22
12 + Wi aA + v oy o m T <6A BR > 12 — 8 22 2y
0T 0T oV » Ol ov
T: W —2—T1p —2— T =2—.
R T TR TR T oy

We can still do more with these!
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Re-Entrant Corner Problem
Step 3: Similarity Solution

m Seek a solution in the layer of the form

~

b =837 (€), T =2V ua(€), Tia = %2 2(€), T2 = 2(¢).

m Similarity variable:

A

_ Y
$=%a
m Substitution into layer equations reduces the PDE system to four

ODEs.

m Furthermore, we find that % =: G is constant.
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Re-Entrant Corner Problem
Step 3: Similarity Solution

UCM equations:
ti; + Wi {2(a — 2)flt11 - (3 - Oz)ft{l + 2(2 — Oé)gf”tn - 2f”t12} =0
t12 + Wi{(a — 1)f,t12 -3- Oz)ft{z — "ty + 2—-a)(3—a)ftin

- (2 - Oé)(?) - a)gf/tll + (2 - Oé)2€2f//t11} = f”

tor + Wi{ —(B—a)fthy +2(2—a)(3— a)ftin —2(2 — a)(3 — a)f Etrn
+2(2 — )23ty + 2f 'ty — 2(2 — a)gf"tzz} = —2f" +2(2 — a)¢f”.

Momentum equation:
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Re-Entrant Corner Problem
Can We Solve This?

m Wall Conditions: f(0) =0 = f’(0).
m Matching: As £ —
f o 2R3ty ~ 1o,
t10 ~ to(l — a)f, toy ~ to(a — 1)252,
with fy == Coa®~% and tg := G/(a — 1).
m Upstream problem: formulate as IVP and integrate away from wall.
m Downstream problem: IVP unstable, need to formulate as a BVP.
m Issue: Lost stress information in the outer region — need a natural

stress formulation!
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Re-Entrant Corner Problem
Natural Stress Formulation?

m Realign the stress tensor basis with the flow direction:

T=Tniei+Tn(i®j+joi)+ Trjoj,
=AMY)u@u+ pY)(uRw+we u)+ v(Y)w e w.

m In Cartesian co-ordinates,

-
u:(u,v,O)T,w:( Y - 0) .

u?+v2 u? 4 v?

m Already found X in the outer region; posit u ~ Gy, v ~ C3p™.

m In the boundary layers, we seek a similarity solution of the form

A= x2CX(E), p=x*Ni(8), v =x75(8),
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Re-Entrant Corner Problem
Now Can We Solve This?

m We can show (in the BL):
A= tu(f')%
fi=to— T [-3-a)f +(2—a)f],
b= (F)te+ tu [-(3— a)f + (2 — @)ef']" = 2 t2 [-(3 — a)f + (2 — a)éF] .

m Matching gives ny = ﬁ and n3 = 37%

m New matching conditions: As £ — oo
~ 1_
Sm G0N i 2GR i~ GRRE.

m This time, we don’t lose any stress information!
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In this presentation, we have

m Presented the geometry for viscoelastic re-entrant corner flow.

m Demonstrated a leading order description of the flow using
matched asymptotics.

m Highlighted the benefits of using natural stress variables for
solving the problem.
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Ultimate aim: Apply these techniques to other viscoelastic flows.
This could be via:

Different viscoelastic models:
m Including shear thinning (White-Metzner/Modified UCM)
m Newtonian solvent inclusion.

Different geometries:

Stick-slip Die Swell Squeeze Flow

th1
T

D, U(e—

Fixed plate
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Thank you for listening!
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